Abstract. The role of time delays in solid avascular tumour growth is considered. The model is formulated in terms of a reaction-diffusion equation and mass conservation law. Two main processes are taken into account-proliferation and apoptosis. We introduce time delay first in underlying apoptosis only and then in both processes. In the absence of necrosis the model reduces to one ordinary differential equation with one discrete delay which describes the changes of tumour radius.
1. Introduction. The aim of this paper is to present complementary analysis of the model considered and studied in [3, 4, 5] . The model describes the evolution of avascular multicellular spheroid (MCS) which may be also interpreted as the first stage of solid avascular tumour's growth. The basic idea of such models comes from [10] . Following ∂ ∂r r 2 ∂σ ∂r = a, (1) where the left-hand side of Eq. (1) represents the Laplacian in spherical coordinates and a denotes the constant rate of nutrient consumption by tumour cells.
The changes of MCS volume are governed by the mass conservation law 1 4π
where S and Q denote the net rates of proliferation and apoptosis, respectively. In the case without delay we assume that S(t) = R(t) 0 sσ(r, t)r 2 dr, Q(t) = R(t)
where s, c > 0 are some constants. For simplicity, in the next sections we assume that s = 1.
Eqs. (1), (2) and (3) are considered with the following boundary and initial conditions:
σ(R(t), t) = σ e , ∂σ ∂r (0, t) = 0, R(0) = R 0 ,
where σ e denotes the constant external nutrient concentration and it is reasonable to assume that σ e > c. (5) Calculating σ from Eq. (1) with conditions defined by Eq. (4) we obtain the formula σ(r, t) = σ e − a 6 (R 2 (t) − r 2 ), (6) which combines the changes of our variables-the outer tumour radius and the nutrient concentration. Let us note that the condition for positivity of σ(r, t) will be guaranteed if the outer MCS radius R(t) is sufficiently small, namely if
The biological implication of this fact is that the model is not valid for R(t) > R c , because then the process of formation of necrotic core inside the MCS appears.
2. Presentation of the model with delay in underlying apoptosis. In this section we study the model with delay in underlying apoptosis. Following the ideas presented in [5] for proliferation, we assume that there is a delay (τ > 0, constant for simplicity) between the time at which a signal for apoptosis is sent and the time at which apoptosis occurs. Therefore, instead of the formula presented in Eq. (3) we consider the following:
On the basis of Eq. (8) we obtain
Let denote x(t) = R 3 (t). Using Eq. (9) we formulate the model
which we study with a nonnegative initial function x 0 (t), for t ∈ [−τ, 0]. It is obvious that for every continuous x 0 , there exits unique solution to Eq. (10), but it is not necessarily nonnegative for nonnegative initial x 0 . Consider the initial function
For the above function we obtain the solution to Eq. (10) with the propertẏ
which means that the solution becomes negative. Moreover, there are no clear conditions guaranteeing nonnegativity of solutions in this case.
If we assume that the solution is nonnegative, then it is obviously defined for every t > 0, because the inequalityẋ ≤ σ e x is satisfied in such a case. On the other hand, if the solution becomes negative, then it is also bounded and therefore, it is defined for every t > 0. Hence, we can study the asymptotic behaviour of solutions to Eq. (10). Lemma 1. The trivial stationary solution to Eq. (10) is unstable for every τ ≥ 0. The nontrivial solutionx is stable independently of the delay for 4c < σ e . If 4c > σ e , then there exists a threshold value τ c of the delay such that the solution is stable for τ < τ c and unstable otherwise. The Hopf bifurcation occurs at τ c .
Proof. Linearizing (see e.g. [11] ) Eq. (10) around the trivial solution one obtainṡ
Ineq. (5) implies that this solution is unstable for τ = 0 and therefore, it is unstable for every positive delay (for details see [8, 9] ). For the second stationary solution we have the linearized equation of the forṁ
where
and B = −c. We see that A + B < 0 and
. Corollary 5 in [8] implies that if 4c < σ e , then the solution is stable independently of the delay, but if 4c > σ e , then there exists the threshold value τ c = 3. Presentation of the model with delays in both processes. In this section we consider the case when both processes, underlying apoptosis and proliferation, are delayed. In this case Eq. (3) changes to
From the biological point of view, both delays play similar role in cellular processes and therefore, their magnitudes are similar in most cases. Hence, we can consider the case τ 1 = τ 2 . The case τ 1 = τ 2 is also interesting but more complicated from the analytical point of view.
In this paper we study the case τ 1 = τ 2 = τ, which is the simpler one. Then our equation takes the formẋ
It is easy to see that for every initial continuous function x 0 (h), h ∈ [−τ, 0] there exists unique solution to Eq. (13), because on every time interval of the form [nτ, (n + 1)τ ], n ∈ N the solution can be calculated as
This formula is called the step method (see e.g. [11] ). As in the case studied in the previous section we define a nonnegative initial function x 0 (t) for t ∈ [−τ, 0] and consider nonnegativity of solutions to Eq. (13) . Defining the auxiliary function f (z) = (σ e − c)z − and f (z) < 0 for other values of z > 0. It is easy to check that if . Following the ideas presented in [2] we conclude that for t ∈ [0, τ ], (13) . Using the same argument we see that
Now, either x(t)
which means that if
then the solution is positive for every t ≥ 0. It is obvious that for τ = 0 this inequality is satisfied and therefore, it is also satisfied for small τ. x . It is easy to see that f 1 (0) = 0 and lim x→0 + f 2 (x) = +∞. The function f 2 is decreasing for x > 0 and f 1 (x) is increasing for x > 0. Therefore, there exists a threshold valuex such that f 1 (x) < f 2 (x) for x <x and f 1 (x) > f 2 (x) for x >x. It is easy to calculate thatx > 1. Hence, Ineq. (16) is satisfied for every 0 < x < 1. This completes the proof.
The result stated in Lemma 2 is similar to that obtained in [3] . The external source of nutrient cannot be very rich to keep the solution positive.
It is obvious that there exist the same stationary solutions to Eq. (13) as in the case of Eq. (10) . Studying stability of these solutions we obtain the following result and for this value of the delay the Hopf bifurcation occurs). For small delays the solution tends to the stationary statex = 8 (see Fig. 1 ). As delay increases damping oscillations arise (see Fig. 2 ). For values of the delay τ > τ c undamping oscillations are observed (see Fig. 3 ). For greater delays the amplitude of oscillations grows. In Figs. 4, 5, 6 and 7 changes of the behaviour of solutions to Eq. (13) are presented. Let us note that while for some values of parameters the nontrivial solutionx to Eq. (10) is stable independently of the delay, in the case of Eq. (13) As can be seen, in some cases with undamping oscillations the solution is nonnegative (see Fig. 6 ) while in some cases it becomes negative (see Fig.  7 ). In practice if there existst such that x(t) = 0 and x(t) < 0 for t >t, then the model is not valid for t >t and it could be assumed that x(t) = 0 for t ≥t.
The mechanism of undamping oscillations may indirectly help to treat the tumour (see [5] for details). The occurrence of positive undamping oscillations is also observed in [5] , while the simulations in [4] show in every case with undamping oscillations that the solution becomes negative. We could make a conclusion that our model with delays in both processes is more realistic in this sense in comparison with the model presented in [4] .
Both of our models are valid under the assumptions R(t) < R c (see Eq. (7)) and therefore, 15(σ e −c) a 3 2 < R c , which is equivalent to 15(σ e − c) 3 < 6σ e a 2 .
5. Discussion. In the paper we have studied the behaviour of solutions to the model of uniformly proliferating tumour with delays in underlying apoptosis only and in both cellular processes-proliferation and apoptosis. In [3, 4] similar analysis was done for the cases with delay in proliferation process only and in regulatory apoptosis. The models studied in [3, 4] have the following form:
x(t) = −cx(t) + σ e x(t − τ ) − a 15 x 
for the case with delay in regulatory apoptosis.
It is easy to see that Eqs. (10), (13) and (17) differ from each other only in the place where the delay occurs. In Eq. (18) there are two additional terms which describe the process of regulatory apoptosis (θ reflects the importance of regulatory apoptosis and σ h measures the optimal proliferation rate of MCS).
In all papers (i.e. [3, 4] and this one) nonnegativity of solutions to the models was investigated. The asymptotic behaviour of solutions was analysed and the possibility of the Hopf bifurcation was checked. The only common property of all studied equations is instability of the trivial stationary solution. It occurs that Eqs. (13) and (17) have similar properties. Namely, for both equations we have
